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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

ABSTRACT

The attenuation of strong plane shocks produced by
hypervelocity impact is studied, Analytical equations are
developed which describe the path of the shock front, Since
the‘entropy change across the decaying shock is included in
the derivation, these equations are applicable to both weak
and strong shocks, The same problem is also solved graphically
by a stepwise characteristic method. The comparison of the
graphical and analytical results shows that the simplifying
assumptions made for the analytical solution are valid,

Calculations using our analytical equations show that
late-~stage equivalence exists in one-dimensional like-material
impacts. ‘Two impacts are equivalent if the quantity du: is

the same for both cases., Here, a is between 1 and 2, and,

therefore, the basis of equivalence is between equal energy

and equal momentum,
It is also shown that the spall velocity can be consider-

ably higher than the impact velocity in hypervelocity like-

material impacts.
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PLANE SHOCK AND LATE~STAGE EQUIVALENCE

SYMBOLS

Sound speed

Thickness of projectile

Specific internal energy .
Pressure

Time

Particle velocity

Shock velocity

Specific volume

Distance

u + ¢ sum of particle velocity and sound speed
Density

Parameters in the isentrope equation, Eq. 11,

Constants in Hugoniot equation (shock polars) Eqs.’17, 18.

Density at atmospheric conditions

Pressure on an isentrope where polp ]

Shock velocity in projectile (relative to ground)
Shock velocity in target_(relative to ground)
Absclute temperature

Gas constant for ideal gas
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

Constant volume specific heat
Constant pressure specific heat
Ratio of specific heats for ideal gas
Undisturbed region in projectile

Undisturbed region in target

Region behind shocks (immediately after impact)

Constant entropy

Regions behind shocks or points on Hugoniot

Subscripted x or t refers to Figure 1
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

I. INTRODUCTION
The most general problem in -hypervelocity impact between
a finite cylindrical projectile and a semi-infinite target
involves three independent variables, i,e., axial distance,
radial distance, and time. Using essentially the finite-
difference methods, this problem has been successfully solved
in the hydrodynamic regime by Bjork} Walsh, Johnson, Dienes,

2 and Riney.3 Their methods involve the

Tillotson, and Yates,
introduction of an artificial viscosity with calculations per-
formed on high-speed computers. The results they obtain give a
most detailed numerical history of the proéerties and motions
of material particles, |

- In searching for an analytical solution, Rae and
Kirchner,4 and Davids and Calvit,s have demonstrated that the
shock wave produced by impact and the flow field behind it pos-
sess approximate spherical symmetry and may be analyzed by
using only two independent variables, radius and time. Their
methods involve the assumption of similarity or quasi-similarity,
and the assumption of an ideal gas equation of state,

The simplest configuration in the study of hypervelocity

impact is the one-dimensional impact between two plates, It is

well known that the equation of state data are often
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

obtained from one-dimensional impact experiments, e.g., Walsh

and Christian.® Recently, in the study of hypervelocity per- EE

foration of thin plates or bumper shields, the behavior of
plane shocks and plane rarefaction waves have been shown to be
of great importance, (See, for instance, Bull,” Maiden and
Gehring,® ;ﬁd Sandorff,%) In addition to these practical

applications, an understanding: of plane waves is also helpfui

in the study of waves which are geometrically more complicated,

&

In the study of one-dimensional low-speed impact problems i

1

Herrman, et al,l0 have applied both the finite-difference

| 2T
| fpmerray

method and the stepwise characteristic method and have given

ity s

a detailed comparison of the merits of these two numerical

=3

methods., Due to the introduction of the artificial viscosity

Siproty |

and the finite mesh size, they found that the finite-

difference method does not preduce a sharp shock front and the

sl

fm
T

peak pressure is not accurate, Fowlesl!} obtained an inalyti-

cal expression for the decay of the plane shock front by

=3

using the characteristics method, Since he neglected the

£=

entropy change across the shock front, his results are valid

only for weak shocks produced by low speed impacts.

=53

In the present paper, the strong piane shock produced by

hypervelocity impact is analyzed by two methods, both based

m
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

on the principles of characteristics. In the first method,

certain simplifying assumptions are utilized, and two approxi-

mate analytical solutions are obtained, In the second method,

a graphical stepwise characteristic approach is used. The

results from these two methods demonstrate very close agree«

m;nt. For low speed impacts, the present analytical solutions
agree with Fowles' solution as -expected., Under high speed
impacts, however, the present solutions are:éonsidgrab1y 
different from Fowles',

The equations of state of metals used in this analysis

are those obtained by Tillotson.!2 In order to facilitate the

application of the characteristics .method, a second order
polynomial equation is fitted to the Hugoniot curve, Also,
the isentropes are approximated by an ecuation similar to the
one used by Murnaghan,}3

According to numerical calculations of the present analy-
tical solutions, late-stage equivalence exists for one-
dimensional aluminum on aluminum impacts, if the product of
the projectile plate thickness and its velocity raised to the
a power is kept constant (o = 1,27), For impacts between
ideal gas (y = 1,4), a = 1,5 is shown to give one-dimensional

late-stage equivalence, in agreement with tlie conclusion

e A s 5
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

reached by Walsh, et al.

For low-speed impact of like materials, the free
surface velocity (spall velocity) at the back of a thin
target is equal to the original projectile velocity, provided
the entropy change across the shock front is neglected.
According to the equations of state data used in this bapot,
the spall velocity in nluninum is 7% higher (in copper, 14%
higher) than the projectile velocity if the latter is around
20 km/sec.

The stepwise characteristics method is currently being

extended to solve spherically symmetrical wave propagation

problems on a digital computer. It is hoped that eventually

this method may be applied to axially symmetrical problems.

If successful, it would present a cléar picture of the flow

" field in terms of shock waves, rarefaction waves, and path
lines; the shock fronts and peak pressures would be accurately
‘determined,

Most of the results in this paper are adopted from a
report by the authors.!% Recently, Allison!S performed
experiments on the attenuation of plane shock fronts in
aluminum, His results, which compare favorably with the

present solutions, will aiso be reported at this symposiuam,
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

The authors are grateful to Dr. Floyd E. Allison of the

Ballistic Research Laboratories, who is the technical monitor

of this study, We are indebted to him for his many stimuliting

discussions and helpful suggestions.

II.  STATEMENT OF THE IMPACT PROBLEM

A plate of thickness "d", which will be called the pro-
jectile, traveling at a velocity u_ in a direction normal to

its plane surface, impacts a semi-infinite target plate of the

same material at (xo, to), as shown in Figure la. Two plane

shock waves are generated, one in the. target and the other in
the projectile., The shock wave in thevpréjectil.e reaches the
free boundary at (xl, tl), and reflects from this point as a
centered rarefaction wave, The head of this rarefaction wave
reaches the collision boundary at (xz, tz) and overtakes the
shock in the target at (xa, ta). From this point on, the
rarefaction wave interacts with the shock, attenuating its
velocity and peak pressure,

A solution to the problem involves a description of the
state of the material behind the shock and an equation for the
path of the shock front in the x~t plane, Certain simplifying

assumptions to the problem are described in Section V, where

the andlytical solutions are given,
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

III, BASIC EQUATIONS.

&=

The method of characteristics in fluid mechanics and the

governing equations for a normal shock are well known 162 17

o

. i

In this section these basic equations are summarized for :
later use. ?T 5

1. Normal Shock Equations.

< vy e

The equations expressing the conservation of mass,

momentum, and energy across a shock are:

Sers Sk

I

PelU-uy) = A (U -uy) 1) T
Iz ¥ ’i
R-R = A(U-u)(uy-u) 2) |
g
2 2 b
Ruy-Bu, = A(U- ud[E-Ec+(u'- ) (3) 2[
3
1
where U and u are the shock and particle velocities respec- I 8
tively, relative to ground (laboratory coordinates); P is :
43
pressure; p is density; and E is the specific internal energy. l 1,%
{
Subscripts x and y refer to the states ashead of and behind l i%
the shock front respectively, The equation of state of the r‘“
g
N * T
material may be expressed as l ’°
P=P(EP). O iy
1
. ;3}
: l

Bl G
§oe,




‘quantities P

PLANE SHOCK AND LATE-STAGE EQUIVALENCE

If the condition ahead of the shock is known, then the

s Py U and U are related by the four

y! 'yt y* Ey'

equations, (1) to (4)., Specification of any one of these

variablés will determine the remaining quantities. Altifnltﬁly'

if the shock Hugoniot equation

P=RI(p) (5)
is known, then equations (1), (2), and (5) may be used to solve
for any three of the four variables Py' py, u,;, and U, in terms
of the remaining variable. 1In applying the méthod of charac-
teristics, construction of a c,u-state ﬁl;ne. or a,P;u-stlte

plane is necessary. The shock condition in the P,u-plane is

represented by a "shock polar,” which is a curve of Py‘vs. uy.

obtained from equations (1), (2), and (5). If the relationship

between ¢ and P is known, & c,u-shock polar can also be

constructed,

2, Characteristic Equations

The characteristic equations for unsteady, ome-

dimensional, isentropic flow are

g.):.gu;c | (6) -
dpt £du=0 - o)
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

where the upper and lower signs refer respectively to the c*
¢haracteristics (right traveling) and the C~ characteristics

,,,,,

= (2P) ' (8
c ( aﬁ) s %)
where the derivative is taken along an isentropic path. For
isentropic flow,

dE = - P4V (v=¥). (9)

Substituting equation (9) into the general equation of state,

equation (4), we obtain the isontropic P,p-relation (or

isentrope) .

P=R(r). 0o

Equations (8) and (10) may be substituted into equation (7) to

. yield the state characteristic equation in the c,u-state plane,

The state characteristics combined with the physical charac-
teristics, equation (6), are the basic equations for the
application of the method of characteristics,

It will be shown in the next section that the isentropes

used in this ieport have the form

P A'[ (—E—)r- 1] + R . (11)

et

e
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

This equation may be combined with (8) to yield

PPN 2 § ,

Equation (7) thus reduces to

7?:_1- dc £ du = 0O ' ' | 13
or -
u = 2¢ = . = 2¢ 14)
v-1 y = -7—‘—_ 1

- which are the equations for the state characteristics. In the
¢,u-plane, these characteristics are straight lines with
| slopes :_2/(1 = 1). In the P,u-state plane the characteristics

are :

2 aryt W |
; ‘ P-F \2Y . . ‘
ut .y (._A,?n. ¥ 1) = CONSTANT.  (15)

IV, EQUATION OF STATE

For the present problem, the pressure in the solid mate-
rial is of the order of 1/10 to 100 wegabars, Under a
pressure of this magnitude, the strength effect and the
deviatoric cowponents of stress can be neglected. One
equation relating three state properties is sufficient to
describe the state of the material., In other words, the
material bohaves like an ideal compressible fluid, and the

oquation of state is similar to that used in hydrodynamics,
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Under this hydrodynamic assumption, Tillotson obtained
‘the following equation of state which is accurate for a large

~pre33ﬁt§ range, (equation (6), Ref, 12).

P= la + — + Ap + Bt (16)
=
where P = préssuré in megabars

-,
]

» specific internal energy in megabars-cm3/gm

<
L]

1/p specific volume in cm3/gm

>3
|

p/po = VO/V, where o is normal density, and

w=n-1

and a, b, A, B, Eo are constants dependent upon the metal,
This equation is semi-empirical in nature and represents a
best-fit extrapolation between Thomas-Fermi-Dirac data at
high pressures (above 50 megabars) and shock wave experimental
data at iow pressures. This equation is accurate to approxi-
mately 5% of the Hugoniot pressure and 8% of the isentrOpic-
pressure,

Equation (16) is simple in form and is convenient for the
numerical calculation of hypervelocity impact ﬁioblens by the
finite-difference methods, However, it is not suitable for

an analytical solution to the present problem by the character-
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

istics method. A further simplification is incorporated by
fitting simple equations to the Hugoniot and isentropes of
equation (16).

Table I contains diata for aluminum which is calculated

from the equation of state, equation (16), and the normal

shbck condifions. (The detailed procedure is given in
Appendix A,) Two approaches have been used to fit the
Hugoniot data in Table I. In the first approach, the Hugoniot
is represented by a curve of U vs, Z, where Z = u + ¢c. This
curve is fitted by the following equation, |

U= a + aZ + a,Z° an

where the constants a,, a,, and a, are obtained by the method

20
of least squares, Figure 2a gives a comparison of equation
(17) with the data in Table I. The error is found to be less
than 1.0% in the range of 1 to 50 megabars. In the second

approach, an equation relating U and u,
U= b + bu + bu" (18)

is obtained by the method of least squares, Figure 2b com-

pares equation (18) with the corresponding data in Table I.

The accuracy of this equation is within04% for pressures with-

in the range of 1 to 50 megabars, Two different anilytical

11
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

solutions for the shock path are developed in Section V.3, by
using equations (17) and (18), respectively.

For the isentropes, an equation similar to Murnnghln’v‘is
assumed, i.,e.,

S I,Pr
P = A[('PZ) - 1] + P, (1)

From any point on the P-V Hugoniot curve, an isentrope may be
calculated from equation (16). Equation (11) is fitted to a
number of these isentropes, and the cong;ants A', v, and P#ﬁ
are determined; each of these constants assumes a different
value for every isentrope., Table I gives values of these
constants for aluminum, The accuracy of equation (11) as
compared to equation (165 is very good as shown in Figure 3,

In the present report, the Hugoniot and isentrope equa-
tions are fitted to data presented in Ref, 6, Actually,
Hugoniots of the form of equations (i7) and (18) and isen-
tropes of the form of equation (11) generally can be fitted to

other equations of state data, theoretical or experimental,

V.  ANALYTICAL SOLUTIONS

1. Assumgtions

Besides the assumptions of a hydrodynamic equation of

state and an adiabatic, non-viscous process, additional

12
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

asswaptions are required to obtain an analytical solution for
the decay of strong shbck:. Fowles!! assumed that ;he.changq
of the entropy across the shock front is negligible, and thus
his solution is limited to weak shocks. For strong shocks,
the entropy change across the shock is appreciable and cannot
be neglected.

Behind a strong shock the characteristic lines, ‘to be
exact, are not straight lines, However, the interactions
between C' and C” characteristiés and between characteristics
and contact lines are usually weak. In the present analytical
approach, we assume that the characteristic lines in the rare-
faction wave originating from point (x,, t,), Figure la,
remain straight, Furthermore, either the particle velocity
u, or the sum of particle velocity and sound speed u + ¢, is
assumed eonstant along any one of these characteristic lines,

These assumptions are similar to those us;d in Ref. 18,
which treats the decay of plane strong shocks in an ideal gas.
The assumption of characteristic lines remaining straight has
also been used by Al'tshuler, et al,!9 in an experimental
technique to determine the sound velocity behind a strong
shock, They have also parformed numerical calculations to

show that the error involved in their assumption of straight

13
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PLANE SHOCK AND LATE~-STAGE EQUIVALENCE

characteristic lines is small, although the details are not-
giﬁen in their paper,

If the values of u are assumed constant along character-
istic lines behind the shock front, the path of the shock can
be determined from the exact shock equations, For points
directly behind the shock front, the sound speed calculated
from the.exact shock equatibn is different from the sound
speed on the same straight characteristic line near point
(x1, tx)' In the region immediately behind the shock front,
therefore, this approach results in an inconsistency in sound
speed, and consequently in pressure. The sound speed and
pressure calculated from the shock equations are taken as the
correct value behind the shock, and a linear variation in
properties between the shock front and the rarefaction tail
is assumed.

In the approach of u + ¢ = constant, the values of u and
c singly are not assumed constant along the straight character-
istic lines, The values of ¢ and u behind the shock front
are determined by the shock conditions, while a linear varia-
tion for these quantities is assumed between the shock and

the tail of the rarefaction wave,

14
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

2. Initiai Conditions

According to egs, (1) and (2), the shocks in the target
and the projectile, immediately after impact, are governed by

the conditions

£U = Ry - u,) (19)
. TARGET

R-F = f (Utuz) (20)
-

4 b

fo(Up - U,) = A(Up-u,) (21)
> PROJECTILE

Fi“pa ".@(Up'uo)(“z' o) (22)

where the subscripts refer to regions in Figure 1b, and all
velocities are relative to the ground (positive toward the

right). Solving eqs. (19) to (22), we obtain the fcllowing

relation
Up = - (Up-u,) . (23)

This equation indicates that for impacts between like
materials, the initial shock in the target and the shock in
the projectile, have equal velocity with respect to the B

material shead of each shock, but moving in opposite directions,

15
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

Equation (23) when substituted into eqs. (215 and (22),

yields |
AUy = B (U= uo + u,) (24)
and :
R-P =AU (u-u). (25)
Eliminating the pressure terms from eqs. (20) and (25) gives
u, = 3 Yo (26)

Since Ut is equal to the magnitude of the velocity of the
shock in the projectile relative to the undisturbed portion

of the projectile, the time required for the shock to reach

the free boundary is

d ” (27)

The absolute velocity of the shocl"in the projectile is

UP = -Ut +ug; therefore, from Figure 1la,

X, = X = (tc = to)(_ut+ uo) . (28)
By combining eqs. (19), (20), (26), (27), and (28), and using
the geometry of the x,t-plane, we find that the head of the

rarefaction wave reaches the collision boundary at time t,,

given by

t,~t, =(pdY(Rc). - (29)

16

¥ e My o eyt an

~«-—-
S—

B3 .

e

e ]

o

1

y

Py

Bt e PSS £




s T St S S

.

PLANE SHOCK AND LATE-STAGE EQUIVALENCE

The interaction between the rarefaction wave and the shock

front. in the target starts at time ty which is given by

'ts“'tz:ljexz s dtmt)Ue - Uu(timte) (s

LL,_*-’C; B u, + Cz
After simplification, equation (30) can be written as follows

ts - to - Cz_(ta - to)

U, + C, = U, .(31)
From (27) and (29), we obtain
b o=ft-t)eft-t)= B9 , 4 ,
t,-t, = (t,-t) +(t,-to) C, + 0 (32)
_Substituting for (tz-to) from (32) in (31) yields
- = C.;d A _l_ . ’ 33
ta 1.'c.‘ U+C, ~ Uy [fzca + UtJ (33)

The distance traveled by the shock before it is overtaken by

the rarefaction wave is given by

- . _Wed [ A 10,
Xy~ X, = (tg- t°)Ut = m[ﬁ& + U{J.(“)

Up to the point (xs, ta), the shock front is a straight
line, From this point on, the shock front becomes a curved
line, and the shock strength attenuates,

For the present impact problem, the quantities Xy tos d,
U Py and P, as well as the Hugoniot and isentropes of the

matoerial are all given, The particle velocity in region 2

17
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

u, is found from (26). The initial shock velocity Ut can be
calculated from eq. (18), with %substituted for u; <, and
p, can then be determined from (12) and (24), or Table I, and .

then t,, x;, t,, x, from (27), (28), (33), and (34),

respectively. i

3. Attenuation of the Shock

The shock attenuation is solved by two approaches. In }

the first approach, the characteristic lines in the x,t-plane -

are assumed as straight lines, and along each characteristic l

the sum of the particle and sound velocities, u + ¢, is ’1

assumed constant, In the second approach, these characteristic

1%1

lines are again considered straight, but now only the particle

velocity along each characteristic line is assumed constant.

1
remerterived

L.

a. "Constant u + c" Approach
A centered rarefaction wave starts at the point (x,, t;).

Since the characteristic lines are assumed.to be straight, the

equation of a characteristic line originating from this point

is

it SR s SR oo

x~x|=(u+c)(t~t'). (35)

After substituting u + ¢ = Z, equation (35) becomes

ot

X-x, = Z(t-t,). (36)

—
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==

~1

18




o

frerie e | s [———
‘ 3 3 R . X .

P2s prons ]
i R

e

v

S ety e

PLANE SHOCK AND LATE-STAGE EQUIVALENCE

Differentiating both sides of this equation with respect to

%, we obtain
%!Z. = (t-t) + ZS‘% S
Along the shock path, dx/dt = U, therefore we have
aZ " dt 7 * U a7 (38)

where U is the shock propagation velocity,
From equations (37) and (38) we see that
dt - (¢ - gt (39
U 3z (t t') + Z a7 | (39)
Substituting the expression for U in terms of Z, equation (17),

into equation (39), integrating and simplifying the resulting

equation, we cbtain

0/‘15
t=t+ (t-t) [ﬁ—{—% 5:72*] (40)
where
- . , _
- 3 a-1\ . 4a Ge-1)
o -E_J('Os,) _C'i;l"' as |
21| ffos-112_  4a (g,-x)-
ﬂ a‘-/( 03) -a-: Gy ]
'and‘ ) 0
D=7
19
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

Equations (36) and (40) define the desired shock path in

parametric form with Z as the parameter; t ta, x, and z2

1° 1

arg‘all known constants, In this approach, the 6n1y informa-
tion used concerning the equation-of-state is the shock Hugo-
niot, The isentropes do not enter into this solution, |
b. "Constant u'" Approach
Following the manner of the previous section, the
equation of a characteristic line starting from the point

(x;» tl) can be written as
X =%, = (u +c)('t—t.) . (41)

Also, for a characteristic line, according to equation (14)

- et = - -—-2-53—- 4
4Ty Ge ¥-1 “2

In this equation, y is the constant in the isentrope eq. (11)
for region 2 of Figure 4 (See Appendix A)., Defining Ll as

o= 2Ca

L= - (w- 571) 4

we may rewrite equation (42) as

- _¥-1 \

c = X (u.+,2.).

Thus, from equation (41),

X - X, = (li*-‘-u + lzili)(t-t')- (44)
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

Differentiating boih sides of equation (44) with rc:péci to

4, we obtain

fe g - B0 G TR @

Substituting eq. (18) into eq. (45), with U = dx/dt, we obtain

(negue gt = ZH (-t (Bphu + B3lg ) g

dt Xl , du

T-t, ¢ b,uh.e.u. +4, “n

wliere
e = b, - Ll (48)
dy=b - Ll (49)

:Integrating both- sides of equation (47), we obtain

t= g+(t, t) Mm
128 hu +e‘44¢l -45* 2bjupheg-yel .15‘

(50)

Bquations (50) and (44) represent the shock path in a para- »
metric form, wheréd u. is the parameter, In this spproach, in
addition to the shock Hugoniét, one isentrope, or more pre-

cisely the y in one isentrope, must be known for each impact

problem; as can be seen from eqs. (42) and (43).

21
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

4, Fowles' Solution

Fowles' weak shock solution is given below for the putpdu

of comparison. His equations for the path of the shock front .

are
]
%o : o 2(¥'+1) | :(51)5
t{c) =t +(t, t) 0_ “""')J 2 |
h >y
and
,’ 72 ;3
X(ac)= X, + C'(“'x-t"t"[q,-;(r;-. ')] g-2 q(-t hAD (52)
' ' (t>t))

where y' is a constant depending on the material (4,266 for
aluminum), and o is the parsmeter defined by

u+c 1

T= =2

and
Xy - X
—(-‘——'- - 1.
< t; -t )
He used eq. (11) with one set of constants as both the isen-

trope and the Hugoniot for calculating the initial conditions.
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE
VI. GRAPHICAL SOLUTIONS

The graphicai solution of the present problem is obtained
by using the "field wethod" procedure of the theory of
characteristics as described in Ref. 17. Although this
method is "tln consuming, it yields a very accurate solution
vhich may be used as a basis of comparison for the approximate

shalytical solutions.

‘This method involves the use of three planes, the physical

plane (c,t;x-diagram of Figure 4), the P,n-stu-to plane
(Figure 5a) and the c,u-state plane (Figure 5b). A region
of comntinvously varying fluid properties in the physical plane
is replaced by a number of finite regions each having uniform
fluid properties. These regions are separated by three types.
of lines, namely, the ihock front, the characteristics, and
the contact lines.

In the present problem two shock fronts appear in the
physical_plane, but only one shock polar is required
in each state plane, These shock polars are plotted in the
c,u-state plane by using the data of ¢, vs. u in Table I,
while in the P,u-plane by P, vs. u,

23
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

Equation (14), in the following form, is used to plot
the ¢ ,,u-chaﬂct@ris'tics
[“- o1 T M E TTT]IH a8 i

where < and w are the properties in the region immediately

behind the shock, u and ¢ are the properties in ise‘rittoptctlly

connected. regions, and y is determined from Table I. These 1

characteristics are straight lines with siopes

l. u Jdin ]
Equations 11, 12, snd 14 are combined to yield the P,u-

%Li.

-

chtract’eristic;
[ut Al (52 1)

where u Zcﬂl(y « 1) is a constant for regions of equal

u, £ 7"'_5-:1] (15.0)

I,n

entropy and depends on the properties of the region behind

the shock. The constants A', v, P, and c;; may also be

s S s SN g RN o S

obtained from Table I,

The P,u-state plane is used in the graphical solution

|

because it facilitates the detéermination of the physical

properties in regions bounding contact lines. Two regions L
bounding a contact line have identical pressures and particle {
g‘“
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

velocities and therefore plot as a single point in this plane,
The ¢,u-state plane yields the required sound velocity which
is needed in ¢onstructing the physica1~clt,x-diagram.

The initial position of the right traveling shock in the
physical plane is constructed with the slope ¢, /U, and the
left traveling shock with slope cl/up. The slopes of‘thé
physical characteristics are given by |

- [ d(cut) - Ch }
. dx T utc
n

where the upper sign refers to the I-characteristic (C+ or

right-traveling waves) and the lower sign refers to the II-

. characteristics (C or left-traveling waves). Both the sound

velocity ¢ and particle velocity u represent the average
between their respective values on both sides of the character-
istic line,

The simple rarefaction wave centered at (cltx, xl) is
arbitrarily divided into regions by assuming approximately
equal increments of particle velocity between adjacent regions,
as shown in Figure 4, These waves are propagated with constant
strength until the head of the rarefaction wave overtakes the
shock front. As the shock continues with decreased sgrength

and velocity, contact lines and reflected waves are formed,
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

A contact line, which separates regions of unequal entropy,
forms because the fluid particles passing through 5hock$~of
unequal strength attain different .levels of entropy. A

reflécted wave is required in order to satisfy ghe boundary | ‘ gﬁ
conditions of squal pressure and equal particle velocity

across a contact line, All the regions bounded by the shock
path and a pair of neighboringlcontact lines are af the same . gg t
entropy level; therefore ihe coefficients A', y, and Po vwhich
are used in the characteristic equations are constant within

each of these regions., When crossing a contact line, new

o

s

values for A', vy, and‘P° must be selected from Table 1. -
The properties of regions 1 and 2 are determined by the Eg j

initial conditions of the problem., From the assumed particle

{54

velocities in regions 3 to 9, the pressures and sound

velocities can be determined from the characteristic lines

< e
oy

s

passing through point 2 in. the ¢,u-plane and the P,u-plane,

Regions on both sides of a contact line have equal pressures

and particle velocities, (i.e., the pressure and particle

=

velocity in regions 10 and 20 are equal), Therefore the

points 10 and 20 in the P,u-state plane ccincide, In the

=

c,u-plane, Figure 5, point 10 lies directly above point 20,

3

Similarly, regions 21 and 30 plot as a single point in the

.~
——

8

Boma
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

P,u-state plane and lie at the intersection of a I-charactejb
istic through point 11 and II-characteristic through point 20.
For a complete and detailed discussion of the graphical |
method of solution;, the reader is referred tdWRefs. 16, 17, |
and 18, |
As an exaiuple of the graphical method applied to the
present problem, an aluminum on aluminum impagt was chosen,

with d = 3,175 mm and u, = 28.2 km/sec. Figure 4 shows the

~ results in the physical plane and Table II gives the calcu-

lated physical properties in selected regionms,
VII, - COMPARISON OF RESULTS

In this section the results of the two analytical
approaches will be compared, The analytical results will then
be compared with the graphical solution and Fowles® solution.
The paths of the shock as obtained by the two analytical
approachkes, "constant u" and "constant u + c", are- shown in
Figure 6, For small vaiues of time the two assﬁmptions yield
identical paths; for large values of time, the paths diverge .
pfogressively, The relative accuracy of these two approaches
can be evaluated from the c,u-state plane in the graphical

solution as shown schematically in Figure 7a. Numbered

27
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

points in this figure refer to corresponding regions in

-?ignre 4. The exact properties in regiohé 2, 4, and 20 as

determined by the graphical method are represented by the
Poiﬁt5‘2. 4, and 20, respectively, in Figure 7a. According
to the "constant u" approach, the particle velocity in region
20, u,,, is equal to that in region 4, u,. Therefore, the
properties in region 20 are represented in Figgrev7 by poini
20': the intersection of the vertical 1iqf‘through point 4
and the shpck‘poiar; Accoiding to the "c&nstant.u + c"
approach

Upg +# Cpo = Ug + Co . (53)

Thus region 20 is represented in Figure 7a by point 20": the
intersection of the straight iine plotted from equation (53)
.and the shock polar, (Eduatioﬁ (53) is a straight line
inclined at 45° from the axes if c and u are plotted in the
same scale,) An insﬁection of Figure 7a shows that point 20"

is muqh closer to point 20 than is point 20'. A similar dis-

cussion can also be made for points 5, 70, 70', and 70", The

"“constant u + c'" approach can be expected, therefore, to be
more accurate than the "constant u" approach,
Another way of evaluating the relative accuracy of these

two approaches is to compare the change in u and u + ¢

5
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PLANE SHOCK AND LATE=STAGE EQUIVALENCE

between two regions, one immediately behind the shock and one
in the simple wave region, such as regions 20 and 4 or regions
70 and 5, in Figure 4, Table 3a shows the results of such a
comparison. The percéntage:changp in u between regions 6 and
120 is -1.67, while the percentage change in u + ¢ is only
0.300. Thus "constant u + ¢" is seen to be a better approxi-
mation than the "constant ﬁ."

The discussion in the preceding paragraphs is true for
aluminum only. No conclusion has been reached for metals in
ﬁeneral. It is interesting to note that calculations made
for an idesl gas with a ratio of specific heat of 1.4 indicate
.an opposite trend. That is, the "constant u" appro;ch is more
accurate than the "constant u + ¢" approach, as demonstrated
by Figure 7b and Table 3b, Figure 7b is constructed in the
same manner as Figure 7a and with the points similarly
numbered, The major difference between the two is that for
the ideal gas, Figure 7b, the shock polar is below. the II-
characteristic line in the region of points 2, 4, and 'S,
Primarily due to this change in the relative position of the
shock polar and characteristics,.the trend in the accuracy of
the two approaches is reversed, Table 3b is ca}culated in the

sane manner as Table 3a, The equivalent impact velocity used

29




PLANE SHOCK AND LATE-STAGE EQUIVALENCE

for the ideal gas is 1.22 km/sec, and the ratio of specific

heat is taken as 1.4, ‘ gg
For weak shocks, the paths of the decaying shock obtained

from all three methods (analytical, graphical and Fowles') §§

fall on one cuxve, For strong shocks, the present analytical §§

solution is in close agreement with the graphical solution, &

whereas Fowles' solution deviates considerably from the other Eg

two, as shown in Figure 8a. | | ij
. For high impact velocities (above 22 km/se¢) the shock . éi ?
from the present analytical so{ution lies gbove the one cal- T i
wai i

culated from Fowles' solution, as shown in Figure 8a, .For

low impact velocities, however, the relative position of the

=4

shock front is just the opposite, i.s., the present solution

=3

is below Fowles', as shown in Figure 8b,

Figure 9 gives the comparison of peak pressure distri-

ey

. i

‘butions for the aluminum-on-aluminum impact by the graphical L
method and by the "constant- u + c" approach. gg

VIII. LATE-STAGE EQUIVALENCE

The principle of late-stage equivalence, as proposed by

=1

Walsh, et al,2 stipulates that projectiles of differing mass

. )
and velocity can give rise to target flows which are very A
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PLANE SHOCK AND LATB-STAGB EQUIVALENCB

nearly identical at late times, provided the product of the

‘mass and the velocity raised to the 3a power (Mduzﬁ) is the

same for all projectiles. For one-dinehsionai impacts, they
showed that the lat?-staze equivalence on the basis of du:
leads to the result that the £low is of the self-similar type.
The andlytical simiiarity sclution and a solution Syvfinito-
difference calculations (Sputter Qode)»of an impact in ideal
gas, with y = 1,4, are in excellent agreement at late times,
In thiS'section; this similarity solution for an ideal

gas is compared with the approximate, analytical equation

" derived by the "constant u" approach. In additioh; late-stage

equivalence for like-material impacts in aluminum and copper
t:‘studied by the "constant u + c" approach,

The "constant u" approach is used for an ideal gas
because it is more accurate than tﬁe'"constant u + c" approach
as discussed in the previous section, The detailed equations
used are summarized in Appendix B. The particular similarity
solution being compared has the following constnnts:‘

y= 1.4
a=1.5

.dugs- 1.2 x 109 (cm?/sec) S (= Lov: of Ref. 2)
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

The similarity solution is compared with two impact cases
having the same dug , but different u_, The resulting shock
position in the t-(x + d) plane is presented in Figgrn 10 and
the corresponding peak pressure vs. (x + d) curves are shown
in Figure 11, The distance x + d is measured from the free-
surface of the projectile at the instant of impact, while x is
measured from the free-surface. of the target, both in Eulerian

coordinates, Thus x + d is equivalent to the Lagrangian

distance hva in Ref, 2,

The positions of the shock front, for the two impact cases
and the similarity solution, agree very well. The peak
pressure comparison is fairly good. The approximate analyti-
cal solution, when carried to very late times, involves an
increasing amount of error, thus it is not suitable for very
late-stage comparison.

Figures 12 to 13 show the 1ate~stage‘equivalence, for ore-
dimensional aluminum-on-aluminum impacts according to the
"constant u + c¢" approach, These impacts show surprisingly
good agreement with a single value of a, 1.27. The late-stage
equivalence is not too sensitive to the exact value of a.
Satisfactory comparison can be obtaingd for impacts with

values of a from 1.25 to 1,3,

32

T 1
]

s S SO |

?mg

S |




PLANE SHOCK AND LATE-STAGE EQUIVALENCE

Figure 14 shows the late-stage comparison for like-
material impact in copper. The value for « used is 1,7, while
the range of satisfactory values is from 1.6 to 1,8,

As mentioned before, the present analytical solution is
not‘toé accurate at a very late-stage, But due to the simpli-
city of ‘the solution, it can be used conveniently for compari-
son of many impact situations.. Up to a point where the peak
pressure is one-quarter of the value of the initial peak

pressure, the analytical solution is fairly accurate., By

. using the solution up to this point, the principle of late-

stage equivalence is shown to ekist for one-dimensional
impacti. For tﬁe materials considered, the equivalence is
neither on the basis of projectile momentum, nbr on the basis
of energy, but somewhere in between, |

‘Walsh, et al,? have shown that for axisymmetrical impacts,
one value of the late-stage equivalence exponent, 3a = 1.74,
holds for all mgterigls including metals and ideal gases with
different values of y. From one-dimensional simiiarity.con-
siderations, they have concluded, however, that for ideal gas
the exponent a is nét constant but &aries from 1,0 to 1,79 as .
vy is varied from 1.0 to infinity. For one-dingnsional impacts,

we have also demonstrated that the late-stage equivalence

33
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PLANE SHOCK AND. LATE-STAGE EQUIVALENCB

exponent o assumes different values for different materials;

1.27 for aluminum, 1.7 for copper, 1.5 for ideal gas with

47 = 1,4, The fact that one a holds fof all materials ih.nxi-

_symmetric impacts while a different value of a mqst be used

for each material in one-dimensional cases can be explained
by the following reasoning, The attenuation of the shock
front produced in a three-dimensional impact is due to two

factors: the space attenuations and the attenuiations by the

- rarefaction wave originated from the free surface, In a one-

dimensional impact, only the latter (rarefaction wave effect)
exists and there is no space éttenuation. It is_plausible to
assume that the space attenuation is independent of the
material equation of state while it is known that the rare<
faction wave does depend on the material property. The
results of late-stage equival>nce indicates that in the three-
dimensional case, thg space attenuation predominates and
therefore one value of a is appiicable for all materials, - In '

one~dimensional impact where only the rarefaction wave effect

exists, each material possesses a different value of a,

It must be rsalized that the whole concept of late-stage
equivalence is not.based on a rigorous theoretical formulation,

Even in the case of one-dimensional impact for an ideal gas,
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

there is no reason why the shock wave due to impact should
behave 1ike the ;1nilgtity solution at lita stage, The
similarity solution satisfies all the governing equations in
the flow fileld, it satisfies the~boundary~condiiiqn across
the shock, as well as the boundary condition of zero pressure
at the free-surface, But it does not sat;sfy the initial
conditions due to impact. The -condition of constant total

energy, constant total momentum, or~constant-du: , does not

constitute a precise initial condition required by the

~ governing differential equations, It is only fortunate that

impact calculations do agree with the similarity solution at

late stage and demqnstrate a late-stage equivalence,
IX. SPALL VELOCITY IN THIN TARGETS

One of the methods used to experiﬁentally'deternine the
shock Hugoniot for metals is to impact a thin target plate

with a thick projectile plate, When the shock front in'tho.

‘target reachss the free-surface, it reflects as a center§d~

rarefuction wave, The particles at the free-surface are

accelerated by‘this rarefaction wave to a velocity u.p, called

the spall velocity or free-surface velocity. Let ur‘be the

velocity due to the rarefaction wave and u, be tho’particli
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velocity behind the shock front. Then,

usp =u, +u,

If the entrcpy change across the shock front is neglected, the .

Hugoniot and isentrope curves coiicide. As a tokuit, for

like-material impacts

u‘r =u, and _usp = 2u2 =u

For low speed impacts, the neglect of entropy change does not

introduce any appreciable amount of error. Walsh®and Christian

" have shown, that for peak pressures less than 400 kilobars in

aluminum (uo < 4 km/sec), the error involved in assuming
ur/u2 = 1 is less than 2%,

For higher impact velocities, the entropy change cannot
be neglected and the actual spall velocity can be much higher
than the impact velocity, For instance, at an impact veiocity
of 20 km/sec in aluminum, according to the equation of state
data given in Table I, the ratio ur/u2 is 1.14,.14% higher

thm un’i t)' .

The method of determining the spall velocity ‘can 5é-bcst.'

demonstrated by using curves in the P,u-state plane, as shown
in Figure 15, Figure 15a is for aluminum-on-aluminum impacts,

while Figure 15b is for copper-on-copper, Although the
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relative positions of the curves in these two figures are

. .slightly different, the discussion to fOIon can be applied

to both of them, Point 1, with P, = u, = 0, represents the

properties of the undisturbed target, while point 3 represents

the properties of the projectile before impact, After impact,

the properties of the material between the two shocks are

represented by point 2, which is at the intersection of the

right-traveling and left-traveling shock polars., After )
reaching the frea-surface of the target, the shock is reflected

as a centered rarefaction wave, which is represented by the

I-characteristic in Figure 15. The spall velocity is then
given by the intersection of this charactétistié and the u-
axis, shown as point 4, It can be seen that us; > u, for
both aluminum and'coppep. If entropy is neglected, the shock
polar and characteristics coincide, Thus the properties in
the target vary continuously from point 2 to point 3, result-
ing in a spall velocity equal to the impact velocity.

For a thin projectile, when the shock in .the projéctilb
reaches the free-surface, the "back-splash" can also be
determined from this figure. From the condition bshind the
shock, point 2, the rarefaction follows the II-characteristic

to zero pressure at point S, which gives the back-splash
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

velocity Upge Since, for like-material impacts, the shocks
and characteristics in this figure are symmetrical with respect

to the vertical line through point 2, it is evident that

Yps * Ysp " Yo
If the entropy change is neglected, the rarefaction in the .
projectile would follow the shock polar and point 5 would
coincide with point 1. Under this condition, the free surface
of the projectile attains zero velocity,

The results calculated for a few like-material and
difféerent-material impacts are shown in Figure 16, where the
spall velocity usp is plotted as a function of the impact .
velocity ug. For like-material impacts, “sp is larger than
u, for copper and beryllium, as well as for aluminum., For
different-material impacts, the spall velocity may be higher
or lower than the impact velocity, depending on the density
ratio between the target and the projectile. More specifi-
cally, for the materials studied in these impact cases, we
have
1

Prroi /P >
usp > u if proj.’ " target

The detailed equations used for these calculations are

given in Appendix C,
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X. CONCLUSIONS

1. Closed form equations have been obtained which give the
path of the shock front due to one-dimensional hypervelocity
impact. In deriving these equations, entropy changes have
been included, thus they are applicable to both weak and
strong shocks. The accuracy of xhege equations are good up to
a point on the shock front where the peak pressure is approxi-
mately one-quarter of the original peak pressure, For low-
speed impacts where the shocks are weak, these equations give
the same results as those of Fowles' which neglect the entropy
change. For high-speed impacts where the shocks are strong,
the shock front predicted by the present analytical equations
are considerably different from those predicted by Fowles'

solution,

2. According to the analytical formulas in this report, late~
stage equivalence exists for one-dimensional like-material
impacts. The exponent a is 1,27 for aluminum, 1.70 for

copper, and 1,5 for ideal gas (y = 1.4). These numbers lie

between 1.0 and 2.0 which are the constant momentum scaling

and constant energy scaling factors, respectively.

< ey R !:;n,
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

3., For impacts between a thick projectile and a thin target
of like materials, the spall velocity is considerably higher
than the projectile velocity for high-speed impacts. The
wideiy used assumption that the spall velocity is equal to the
projectile velocity is thus inaccurate for impact velocities

above 10 km/sec.

4, Equation-of-state data for metals may be conveniently
described by simplified Hugoniot and isentrope equations, (17)
or (18) and (11), With thes; equations,‘rarefaction waves and
shock waves including entropy changes can be studied by the

method of characteristics,

5. The stepwise calculation by the method of characteristics,
as compared with the finite-difference method with artificial
viscosity, can sometimes shed more light on the mechanism of
the flow field. It can give more precise locations of the
.shock fronts and give more accurate values of peak pressures,
In the solutions by finite-difference methods, pressures are
sometimes poorly defined, oscillations occur in the pressure
profile (as much as 15%), and the shock fronts are smeared out

at late times, as pointed out in Ref. 2. In Ref, 3, by the
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finite-difference method, the spall velocity is shown to equal
the ispact velocity for aluminum at 20 ka/sec, in contradiction
-with the result in this paper,

However, whether the stepwise characteristic method can
be applied to the two-dimensional impact probleas remains to.

be seen,
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(a)
PROJECTILE JARGET
Up(< u,)
u u u
— — —5
R=F R P
o lR=R 5 B ;
BACK SURFACE SHOCK (bl)NTERFACE
Figure 1, Plane Shocks Due to Impact

a, Physical Plare (Schematic)
b, Initial Configuration
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24 L

6 |

8 ——U = q, + 0,2 + 2" (EQ.I7)
O TABLE I (EQ.16) |
() i 1 i N 1,, 
0 8 16 24 2 40
(a) Z
2¢ |
s L
U= b + bu + b, (EQ. I8)
8 X TABLE T (EQ.16)
Fig. 2
0o [ 1 t : 1 . 1
0 4 8 12 16 20
u

(b)

Figure 2. Comparison of "Shock Polars" eqs. 17 and 18, with
Tillotson's Data, Eq. 16,
a, U-310l220322
b, U= blo-b u'vb u
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Figure 3, Comparison of Isentropes, eq. 11, with Tillotson's Data, Eq. 16. 47
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SHOCK POLAR

5 1- CHARACTERISTIC

wV'»(c: )

Figure §,

State Planes for Aluminum (Schematic),

a,
b,

0
I~ CHARACTERISTIC
SHOCK POLAR %
Y- CHARACTERISTIC
8 I~ CHARACTERISTIC
u

(b)

P,u-State Plane
¢,u-State Plane
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u

Figure 7a., Schematic Illustrating the Relative Accuracy of the "constant
u ¢ c" Approach and the "constant u" Approach for Aluminum,
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II- CHARACTERISTIC

SHOCK POLAR

1 Fe. T, :

u/c.

Figu':o 7b.  Schematic Illustrating the Relative Accuracy of the “constant
u + c" Approach and the "constant u" Approach for Ideal Gas,
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v

Ug - U, (a) Up Uy,

- SHOCK POLAR 2
(TARGET)

5 / ;' .flﬁ. 111

I CHARACTERISTIC

I CHARACTERISTIC

II CHARACTERISTIC

SHOCK POLAR
(PROJECTILE)

U,

Figure 15, P,u-State Plane
a, “Aluminum
b, Copper
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE
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«65
«70
«T5

«80

-85
«90
«95
1.00
1.05
1.10
1.15

1.20 -

1.25
1.30
1.35
1.40
1.45
IQSO‘
1.60
1.65
1.70
1.80

1.85.

1.90
1.95
2.00
2.05
2.10
2.15
2.20
2.25
2.30
2.35
2.40
2.45
2450
2.55
2.60
2465
2.70
2.75

2.80.

2.85
2.90
2.95

PLANE SHOCK AND LATE-STAGE EQUIVALENCE

(For details, see Appendix A)

Table I
U P"
6.017 .081
6.092 0090
6.166 «100
6.240 «110
6.314 119
6.388 «129
60461 4140
64535 «150
6,608  ,161
6,681 «171
'6.754 182
6.827 «194
£.900  .205
6.972  .216
‘T045 .228
7.117  .240
7.189 «252
7.261 .265
T.333 «277
T404 «290
Tc476 «303
T7.547 «316
7.618 «329
T7.689 «343
T4760 «356
T.831 »370
T.901 <384
T.972 «398
8.041 «413
8.111 427
8.180 o442
8.249 «457
8.318 272
8.387 <487
B.456 «502
8.524 «518
8.593 «534
8.661 «550
8.730 «566
8,798 «582
8.866 «598
8.934 <615
9.002 «632
9.070 «649
9.137 « 566
9..205 «683
9.272 «701
94340 «719
9.407 « 137
9.474 « 7155

polo“

<917

«910

3901

«896
B89
«883
«876
«870
+8b4
.858

o852

« 846
2841
«835
«830
«824
+81l4
«809
+804
«799
<195
« 796
+ 785
- 781

-« 177

« 172
<768
« 164
« 160
<755
« 751
« 748
- 744
« 136

.729
.725

0722'

«T18
«715
<711

«708 -

«705
« 701
«698
«695
«692
«689

“n

5.89
5.96
6.03
6.09
6416

prl

6.30
6.36

- 6443
‘6‘50
6.5T

6.64
6,70

67T .

6484
6.91
6.98
7.04
T.11
7418
7.25
7.32
7.38
7.45
7.52
7459
7.66

1.73

T.81
7.87
T-94
8.01
8.07
8.14
8.21
8.27
834
8.40
8.53
8.60
8.606
8.73
8.79
8.86
8.92
8.98
9.04
9.11

9.17

67

z

6.390
6.510
6.630
6.740
6.860
6.980
7.100
.210

T.330

74450
7.570
7.690
7.800
7.920
8.040
B8.160
8.280

8.390

8.510
8.630
8.750
8.870
8.980
9.100
9.220
90340

Equation of State Data for Aluminum

4.562
4.538
4.513
4.489

4e4%65

b4l
4.418
44395
4.372

44350

4.328
4.306
4.284%
4.263
4.242
4:221
4.201
4.180 -
4.160
4.141
4121
4.102
4.084

" 4,065
. 4.047

9.460

9.580
9.710
9.820
10.060
10,170
10,290
10.410
10.520

10.640

10.750
10.870
10.980
11.100
11.210
11.320
11.440
11.560
11.670
11.780
11.890
12.010
12.120

4.029
4.011
3.994
3.982
3.962
3.941
3.921
3.901
3.881
3.862
3.843
3.824
3.805

.3.786
3.768

3.750
3.733
3.715
3.698
3.681
3.5664
3.648
3.631
3.615
3,600

s s e

At

«166
e 167
.168
-170
17

o172
«174
175
.176
0178
2179
«180

182

«183
«185
«186
<188
«189
«191

. 2192

« 194
«195
«197
«199
«200
«202
«203
«205
«206
«208
«211
«213

o217

219

- €221

.223
226
<228
230
.232
«234
237

. «239

« 241
«243

0246 .

«248
«250
«252

e e et o e o ettt o S .

« 0006
+ 0007
« 0009
0011
+0013
«0016
«0019
« 0023
«0026
60030
« 0035
»0039
<0044
«0050
«+0055%
« 0061

-« 0067

«0074
«0081
-.0088
« 0095
«0103
<0111
«0120
«0128
«0137
«0147

'00156

<0166
<0177
«0188
«0199
«.0211
«0223
«0235
«0248
«0260

«0273

¢0286

.0299

20312
0326
<0340
<0354
«0368
.0383
<0397
<0412
« 0427
« 0443
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3.00
3.05
3.10
3. 15
3.20
3.25
3.30
3.35

3.40

3.45
3.50
3.5.5
3.60
3.65

3.70

3.80
3.85
3.90
3.95
4.00
4.05
4.10

* 4,15

4.20
4.25
4.30
4.35
4.40
4.45
4.50
4,60
4.70
4.80
4.90
5.00
5.10
5.20
5.30

S.40 -

5.50
5.60
5.80
5.90
6.00
6.10
6.20
6.30

' 6.40

6.50
6.60
6.70

U

9.541
9.608
9.675
9.741
9.808
9.874
9.940
10.007
10.073
16.139
10.204
10.270
10.336

- 104401

10.467
10.532
10.597
10.662
10.727
10.792
10.857
16.921
10.986
11.050
11.114
11.179
11.243
11.307
11.370
11.434
11.498
11.614
11.740
11.866
11.992
12.118
12.244
12.370
12.495
12.621
12.746
12.871
12.997
13.122
13.247
13.372
13.497
13.621
13.746
13.871
13.995
14.119
14,244

g 2 e e

PLANE SHOCK AND LATE-STAGE EQUIVALENCE

Pu
« 773
«791
«810
«828
«847
«866
@886
9905
2925
« 944

964

«984
1.005
1.025
1.046
1.066
1.087
1.108
1.130
l.151

1.173

1.194
1.216
1.238
1.260
1.283
1.305
l.328
1.351
1.374
1.397
le442
1.490
1.538
1.587
1.636
1.686
1.737

1.788 .

1.840
1.893

1.946 -

2.000
2.055
2.110
2.166
2.223
2.280
2.338
2.397
2.456
2.516
2.577

°o/°H

« 686
+ 6483
«680
«» 677
«6T4
«671
«6068
- 665
«662
660
« 657
«654
«652
« 649
« 646
«644
«64]
«639
«636
« 6324
«632
«629
«627
« 624
«622
«620

<618

«615
«613
«611
« 609
«604
+600
«595
«591
«587
«583
«580
«576
«572

.«568

«565
«561
+«558
«555
«551
«548
=545

‘o542

»539
«536
«533
«530

“u

9.23
9.29
9.35
9.42
9.48
9.54
9.60
9.72
9.78
9.84
9.90
9.96
10.01
16.07
10.13

‘10-l9

10.25
10.30
10,36
10.42
10.47
10.53
10.59
10.64
10.70
10.75
10.81
10.86
10.92
10.97
11.06
11.16
11.27
11.37
11.47
11.58
11.68
11.78
l1.88
11.98

12.08

12.18
12.28
12.38
12.48
12.58
12.67
12.77
12.87
12.96
13.06
13.15
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Z

12.230
12.340
12.450
12.570
12.680
12.790
12.900
13.010

13.120

13.230
13.340
13.450
13.560
13.660

13.770

13.880
13.990
14.100
14.200
14.310
144420
14.520
14.630
14,740

14.840

14.950
15.050
15.160
15.260
15.370
15.470
15.660

15.860

16.070
16.270
16.470
16.680
16.880
17.080
17.280
17.480
17.680
17.880
18.080
18.280
18.480
18.680
18.870
19.070
19.270
19.460
19.660
19.850

Y

3.584
3.569
3.554
3.539
3.525
3.511
3,497

" 3.483

3.469
3.456
3.443
3.430
3.418
3.406
3.393
3.382
3.370
3.359
3.348
3.337
3.327
3.316
3.306
3.297
3.287
3.278
3.269
3.260
30251
3.243
3.235
3.216
3.199
3.183
3.167
3.152
3.136
3.121
3.107
3.092
3.078
3.064
3.050
3.036
3.023
3.010
2.997
2.985
2.972
2.960
2949
2.937
2.926

Al

«255

«257
«259
«261
«26%
<266
268
+271
«273
«275

<278

«280
«282
«285
«287

. #289

«292
294
« 297
<299
«301
«304
«306
«309
311

0313'

<316
.318
321
.323
.326
.331
336
<341
«34%6
+352
<357
<362
367
.372
<377
.382
.387
392
<397
.403
+408
<413
<418
<423
<428
.434
<439

<0458
<0474
«0490
«0506
« 0522
«0539
20556

<0573

«0590
.0608
+0625
«0643

0661

« 0679
«0698

«0T17

.0736
.0755
<0794
.0813
-0833
.0854
<0874
.0895
.0915
.0936
.0958

«0979

21001
<1023
«1068
«1111
=-1155
«1199
=1244
«1289
«1334
-1380
«1426
« 1472
«1519
«1566
«1613
<1661
«1709
21758

_«1807

.1856
<1906
+1956
2006
<2057
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+

i 3

L3

=1 Fe=

A

o
i

P

6.80
6.90
7.00
7.10

T.20

T.30
T+40

1.50

7.60
7.70
7.80

7.90

8.00
8.10
8.20
B30

8.40.

8.50
8.60
8.70
8.80
8.90
9.00
9.10
9.20
9.30
.40
9.50
9.60
9.80
10.00
10.20
10.40

10.60 .
10.80

11.00
11.20
11.40
11.60
11.80
12.00
12.20
12.40
12.6C
12.80
13.00
13.20
13.40
13.60
13.80
14.00
14.20
14.40

U

14.368
14.492
14.616
14.740
14.864

14.987

15.111
15.234
15.358
15.481
15.604
15.728
15.851
15.973
16.096
16.219
16.342
16.464
16.587
16.709
16.831
16.953
17.076
17.197
17.319
17.441
17.563
17.684
17.806
18.036
18.278
18.520
18.761
19.003
19.245
19.486
19.728
19.969
20.211
20.452
20.694
20.936
21.177
21.419
21.660
21.901
22.143

22.384
22.626

22.867
23.109
23.350
23.591

PLANE SHOCK AND LATE-STAGE EQUIVALENCE

P
2.638
2.700
2.762
2.826
2.890
24954
3.019 -
3.085
3.151
3.219
3.286
3.355
3.424%
3.493
3.564
3.635
3706
3.779
3.851
3.925
3.999
4,074
4.149
4,225
4.302
4.379
4.457 -
&4.536
4.515
4.772
4.935
5.100
5.268
5.439
5.612
5.787
5.966
6.147
6.330
6.516
6.705%
6.896
7.090
T.287
T.486
T.687
T892
8.099
8.308
8.520
8.735
8.952
9.172

°o/°u

«527
«524
«521
«518
.516
<513
«510
«508
«505
«503
« 500
«498
<495
«493
<491
«488
«486
<484
<482
2479
477
«473
«471
469
<467
« 465
<443
«461
«457
+453
446
eh42
«439
<435
2429
«426
«423
«420
<417
<414
<412
«409
«406
<404
<401
«399
«397
«392
«390

%

13.25
13.34
13.44
13.53
13.62
13.71
13.81

13.90

13.99
14.08
14.17
14.26
14.35
14 .44
14.52
14.61
14.70
14.79
14.87
14.95
15.04
15.13
15.21
15.30
15.38
15.46
15.55
15.63
15.71
15.83
15.98
16.13
16.29
16.44
16.59
16.74
16.89
17.04
17.19
17.34
17.49
17.64
17.79
17.94
18.09
18.23
18.38
18.53
18.67
18.82
18.97
16.11
19.26
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Z

20.050
20.240
20.440
20.630
20.820
21.010
21.210
21.400
21.590
21.780
21.970
22.350
22.540
22.1720
22.910
23.100
23.290
23,470
23.660
23.840
24.030
24.219

24.400

24.580
24.760
24.950
25.130
25.310
25.630
25.980
26.330
26.690
27.040
27.390
27.740
28.090
28.440
28.79¢C
29.140
29.490
29.840
30.190
30.540
30.890
31.230
31.580
31.930
32.270
32.620
32.970
33.310
33.660

Y

2.915
2.904
2.894
2.883
2.873
2.864
2.854
2.845
2.836
2.827
2.818

2.810

2.802
2.794
2.787
2.780
2.773
2.7656
2.760
2.753
2.747
2.742
2.736
2.731
2.726

A

444
449
<454
«460
« 465
<475
«486
<491
« 496
«502

- -507

2.721°

2.717
2.712
2.708
2.703
2.693
2.684
2.674
2.665
2.656
2.647
2.637
2.628
2.620
2.611
2.602
2.593
2.585
2.576
2.568
2.560
2.552
2.544
2.535
2.528
2.512

«512
«523
»528
+533
+539
« 544
<549
«555
+560
.565
«371
<576
=581
0587
«592
-602
.613
«673
« 634
«645
«656
«667
«678
-690
<701
«713
.725
- 737
<749
« 762
« 175
« 187
+«800
<814
827
« 8340
«854
«868
-882

.2108
«2159
«2211
«2263
«2316
2368
«2422
<2475
«2529
«2584
« 2638

2749

-« 2804
«2860
«2917
+2974
-3031
-3089
3146

«3263
«3322
+«3382
3441
«3502
3562
-3623
«3684
«3802
-3926
« 4052
«4180
<4312
4445
<4581
+ 4719
«4860
<5003
»5148
«529¢&
<5447
«5600
«5755
«5912
«6072
6235
«6400
«6567
<6737
<6909
- 7033
7260

e e
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

u U Py el g z \ A Py [‘
14.60 23.833  9.395 387 19.40 34,000 2.497 4896 7440
14.80 24.07% 9.620 385 19.54 34.340 2.489 .910 .T7622 {
15.00 24.315 9.848 .383 19.69 34.690 2.482 .925 .7806
15.20 24557 10.078 381 19.83°35.030 2.474 940 .7993 -
15.40 264.798 10.311 <379 19.97 35.370 2.467 954 .8182 - i

15.60 .25.039 10.547 377 20.12 35,720 2.460 «969 <8373
15.80 25.280 10.785 .375 20.26 36.060 . 2.453 «984 ,8567
16.00 25.522 11.025 4373 20.40 36.400 2.446 1.000 .8763
156.20 25.763 11.269 <371 20.54 36,740 2.439 1.015 .8962 . L
16.40 26.004 11.515 <369 20.68 37.080 2.432 1.031 .9163
16.60 26.245 11.763 .368 20.83 37.430 2.425 1.047 .9367 ¥
16.80 26.487 12.014 <366 20.97 37.770 2.419 1.063 .9573
17.00 26.728 12.268 .364 21.11 38.110 2.412 1.079 .978}
17.20 26.969 12.524 362 21.25 38.450 2.405 1.095 .9992
17.40 27.210 12.783 361 21.38 38.780 2.399 1l.112 1.0206
17.60 27.451 13.045 359 21.52 39.120 2.393 1.128 1.0421 -
17.80 27.692 13.309 4357 21.66 39.460 2.386 1.145 1.0639
18.00 27.933 13.576 4356 21.80 39.800 2.380 1.162 1.0860
18.20 284174 13.845 4354 21.9% 40.140 2.374 1.179 1.1083 &
18.40 28.415 14,117 352 22.08 40.480 2.368 1.197 1.1308
18.60 28.657 14.391 .351 22.21 40.810 2.362 1l.214 1.1536
18.80 28.898 14.668 <349 22.35 41.150 2.357 1.232 1.1766:
19.00 29.139 14.948 .348 22.48 41.480 2.351 1.250 1.1999
19.20 29.380 15.230 <346 22.62 41.820 2.345 1.268 1.2234
19.40 29.621 15.515 4345 22.76 42.160 2.340 1.286 1.2471
19.60 29.862 15.803 <344 22.89.42.490 2.334 1.304 1.2711
19.80 304103 16.093 .342 23.03 42.830 2.329 .1.323 1.2953
20.00 304343 16.385 4341 23,16 43.160 2.323 1.342 1.3198
20.20 30.584 16.681 .340 23.29 43.490 2.318 1.360 1l.3445
20.40 30.825 16.979 .338 23.43 43.830 2.313 1.379 1.3695
20.60 31.066 17.279 <337 23.56 44,160 2.308 1.399 1:3947
2080 314307 17.582 <336 23.69 44.490 2.303 1.418 1.4201
21.00 31.548 17.888 <334 23.83 44.830 2.298 1.437 l.4458
21.20 31.789 18.196 333 23.96. 45.160 2.293 1.457 1l.4717
21.40 32,030 18.507 332 24.09 45.490 2.289 1.477 14979
21.60 32.271 18.820 .331 24.22 45.820 2.284 1.497 1.5243
21.80 32.511 19.136 <329 24435 46.150 2.279 1.517 1.5509
22.00 32.752 19.455 +328 24.48 46.480 2.275 1.537 1.5778
22.20 32,993 19.776 327 24.61 46.810 2.271 1,558 1.6050
22.40 33.234 20.100 <326 24.T4 4T7.140 2.266 1.579 1.6323
22.60 33.474 20,426 <325 24.8T7 47.470 - 2.262 1.600 1.6600
22.80 33.715 20.755 - .324 25.00 47.800 2.258 1.621 1.6878
23.00 33.956 21.087 .323 25.13 48.130° 2.254 1.642 1.7159
23420 34.197 21.421 4322 25.26 48.460 2.250 1.663 l.7443
23.40 34.437 21.758 4321 25.39 48.790 2.246 1.68B5 1.7728
23.60 34,678 22.097 4319 25.52 49.120 2.242 1.706 1.8017
23.80 34.919 22.439 318 25.64 49.440 2.239 1.728 1.8307 5

= ==

24.00 35.159 22.783 4317 25.77 49.770 2.235 1.750 1.8601 \ {1
24.20 35.400 23.130 4316 25.90 50.100 2.232 ~1.772 1.8896" ' it
24.40 35.641 23.480. .315 26.02 50.420 2.228 1795 1.9194
24.60 35.8B1 23.832 4314 26.15 50.750 2.225 1.817 1.9494% 77
24.80 36.122 24.187 .313 26.27 51.070 2.221 1.840 1.9797 ‘ﬁ
25.00 36.362 24.545 .312 26.40 51.400 2.218 1.863 2.0102 !
' . ®
g

0 ' b




| g
; PLANE SHOCK AND LATE-STAGE EQUIVALENCE
i RECION km/sec | km/sec | megabars
v c ‘ p
l 1 0 5.27 0
2 14.10 18.08 |  8.84
l 3 0 7.50 .30
4 12.50 16.88 6.96
5 11.00 15.76 '5.52
6 9.00 14.26 3.92
7 7.00 | 12.76 2.65
8 5.00 11.27 1.64
: 9 2.50 9.40 0.85
;f 10 12.38 16.97 7.06
' 11 10.87 15.84 5,62
, 12 8.88 14.34 4.00 _ -
"I N 20 12.38 16.96 7.06 '
: ! ‘ 21, 10.94 15.81 5.57
22 8.93 14.31 3.97
| 30 10.94 15.81 5.57 ;
]; 31 8.98 14.25 3.93
32 8.98 14.27 3.93
50 10.85 15.88 5.65 l
] 51 8.90 14.31 4.01 }
’ 70 10.85 15.92 5.65 i
7 8.96 14.27 3.95
I 90" v 8.96 14.36 3.95 i
; 120 8.85 14.48 4.03 ;
130 7.04 14.40 2.68
]* 140 6.98 13.05 2.75

TABLE 2 - PARTIAL LIST OF STATE PROPERTIES

(Regions Correspond to thcse shown
] in Figure 4)

Initial Datas.

Aluminum on Aluminum Impact

v impact velocity = 28.2 km/sec.

u

T R R TR R R

-o’P w9,

1 = 5,275 km/sec.

1 s |

d= 3.175 mm.

—
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PLANE 'SHOCK AND LATE-STAGE EQUIVALENCE
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE -

APPENDIX A

Equation of State Calculations

In this appendix, the detailed procedure used in computing

the properties from the equation of state is outiined. The
basic equations involved Qre those given in Sections iII lqd
Iv. L

Table 1'contains the equation of state data fér aluminum
calculated from equation 16, _
b |e (16)
Efﬁ?*'t v

where values for the constants, as determined in Ref, 6, are

P=la + + Ap + Bpt

a= .5 A= 752 b,
E, = .05 (mb - cnd)/gm.
b= 1,63 B = ,65 M,
The first six columns of this table, which correspond to
properties on the shock Hugoniot, are calculated from the

normal shock conditions, eqs. (1) to (3) and eq. (16), with

u, =0 and with the subscript "y" dropped. In this tabli, u

is the particle velocity behind the shock, U the shock velocity

PH pressure, polp" the density ratio, Z is u + o and 4
is the velocity of sound.  All velocities have the units of

km/sec, and pressures have the units of megabars,

— *This Table replaces Table 1 in D.I.T. #125-5, Ref, 14
which involves a slight error in numerical integration,
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

The sound velocity c, can be obtained either by numeri-
cally differentiating the data from eqs, (16) and (9), or it
can be obtained from equation (IZ)Q The results from eqs. (16)
and (9) sre shown in Table 1,

The isentropes are obtained by numerically integrating
eq. (16) with E = f - PdV. These data are not shown in Table
I, (The data for.a few isentropeé are tabulated in. Ref, 6

for several metals.,) These isentrope data are, 1nst§gd. fitted

g o

with a separate set of values of A', y, and P° for each

to the equation

isentrope, These values are shown in the last three¢ columns
of Table I.
The approximate Hugoniot eqs, (17) and (18) when fitt9d 
to the data in Table I have the following form
U= 1,9016 + ,5947Z + ,0014522 | 17)
U= 5,9179 + 1,2400u - .00081u? (18)
In the low pressure region, P < 1 mb, more accurate datg
for the shock Hugoniot are available Qnd can be used for the

determination of the constants in eqs. (17) and (18). If the

.low pressure data in Ref, 20, for aluminum, are used, we have

U= 2,532 + ,452 + ,0122 (17}
‘U= 5,369 + 1,344u - ,00156u2 (18)
75
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i PLANE SHOCK AND LATE-STAGE EQUIVALENCE
i APPENDIX B

AOneaéimensionalvlmpact in an ldeal Gas g
S | In this appendix, the equations which are used for the 4
I study of late-stage equivalence in one-dimensional impacts of :

ideal gases are derived, The accuracy of the approximate

strong shock conditions used in the similurttr»solutiOni is

also discussed.

i

For an ideal gas, the equations of state are

P= PRT

1 | E=c¢c,T e |

i Cp-Cy= R i
¥ =¢cplc, |

freid

where T is the absolute temperature and R the gas constant,

.

Combining eqs.{B.1) with the normal shock eqs. (1), (2), and

(3), and considering only a right-traveling shock with the

s - :'

i

stationary region ahead of the shock represented by subscript .

9

1 and the region bshind the shock by 2, we have (see Ref, 17,
page 1001)

i B

¥
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My 2 (_Q_ - TCJI) S (a.z) ‘

Y- (s - (rn)] ®.9

(B, 4)
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f' - - }'-o-l (
U

)
)-

P T+t | \e

(N} “__ ] | ‘(a,s)»‘

" where U/c, = M, -is the Mach number of the shock front with

respect to the region zhead, These are the exact shock

equations, applicable to strong as well as weak shocks. These

. shock conditions are too complicated to be used for similarity

solutions, For}simplification purpcses, it is usually hecoié ‘

sary to restrict the equations to the case of very strong
shocks, i.e., P,/P, >> 1, Under this restriction, eqs. ﬁB.Z)

to (B.4) reduce to Co e

U= —-—Yé‘f' U, ' (8.6)

%.‘ B ”r?t ('té.L)‘" R = —a-ﬁ-‘U' (8.7
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" PLANE SHOCK AND LATE-STAGE BQUIVALENCE,

28(r-1)

@t Y | o9
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-);.-{-1'1— (s 6 for ¥ -1.4),(3-9)

W

The condition of P,/P, = = is equivalent to Pi =B, «T =
~¢1‘;‘0, but 91‘f*0. The. error involved in using eqs. (B¢6)'to
l(§.9) for finita pressure ratios can be calculated directly by
comparing these eqs, with the exact equations (B.2) to (B.4).
Figure 17 shows the percent error in pz/pl, C,» and u, &s
functions of Pz/Pl' It can be seen that the maximum error is
about 6% at a pressure ratio of 100, This is in agfoement
with Sedov's?! results. Taylor's22 c;mment that the strong
shock equation can be used for pressure ratios above 10 seems
to be quite optimistic:' Only for prassure ratios above 1000,
can we be sure that the maximum error Ig below one percent,
Fortunately, in studying the one-diménsional similarity solu-
tion, the main purpose is[to formulate an analytical model for
the‘eétablishmont'of'rules of late-stage oqgivglsnce. Thus,
the assumption of P,' =.0 “(or E, = 0) is equivalent %o

P,/P, = « , and equations (B.6) and (B.9) become ‘exact.

E
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PLANE SHOCK AND LATE-STAGE b.JTVALENCE

The isentrope for an ideal gas, obtained from equitions

(B.1) and (9), is the familiar isentropic P-p relation

-E? = CONSTANT., ' (B.10)

~ In solving the impact problem for an ideal gas, the "constant

u' approach is used, since, as previously shown, it is more
accéurate than the "constant u + c" spproach, The general
equations of étate in the form.of the Hugoniot eq. (18)-and
iéentrope eq. (11) are thus replaced by eq. (B.6) and‘(BLIO),

respectively, Notice that the région designated by subscript

2 in eqs, (B.2) to B.9) represents any region behind the shock

front, e,g,, this region is not restricted to region 2 in
Figures 1 and 4,
Due to the simplified form of these two equations, the

initial shock configuration can be expressed explicitly in

terms of u_, d, and v, Eqs. (27) and (28), with t = 0,

x, " 0 , become

_ 4d g
LI cZay 310

X, = L2 d. : (8.12)
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PLANE SHOCK AND LATE-STAGE EQUIVALENCE

Equations (33) and (34) are replaced by

(3.14)
Equation (46) is simpiified to
F+1 -t -1 _ [¥(=])
v [ 7 ) ] Uo

After integrating this equation and simplifying, we obtain

a single equation for the shock front ‘ ’

=-d r-1 -1 . (¥ t-t - '
X=X, = 'fu"{‘ +‘/ﬂ'z‘"2+(£€‘ ._.é__))ln|-t-;714'|} (-t,). (8B.16)
By differentiating (B.16) with respect to t, we obtain the

shock velocity U

U - =%a{r-|_,rr-:‘],,_x_:_&, 5.17)

2 2 t-t,
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PLANE SIIOCK AND LATE-STAGE EQUIVALENCE
APPENDIX C

Spall Velocity Calculation

Equations (19) to (26) are for like-material impacts,
In calculating the spall velocity for different-material

impacts, these equations must be modified, Usihg subscript

A" for the target variables and subscript "B" for the

projectile variables, we obtain the modified versions of .

eqs; (19) to (22) as follows

FaUp = £a(Ug - uy) - €.

| TARGET
Poa = Ba = Fa (Uguaa) (¢.2)
-Pon( Up - uo) = laza(up'uza) (C.3)
PROJECTILE
sz - Rea =ﬁo(UP"uoxum‘uo» (C.4)
Pg = P, = O. (C.5)

These are the equations which govern the shocks in the target
and projectile immediately after the impact between two

different materials, Across the interface, we have the

conditions uza, = Ugy = U, (C.6)
81
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Combining eqs. (C.2), (C.4), (C.5), (C.6), and (C.7) gives

Uy = 22 (- Up) o - 1,) - (C.8)

J

The shock velocity in the target, Ut,' can be reldted to .“2 by' | _ -
the Hugoniot eq. (18) for the target material, For the pro- _ ]
jectile, the corresponding Hugoniot must be written in terms
of the shock and the particle velocities, relative to the

material ahead of the shock, or

(Uo-Up) = byg '+ bog(Uo-u,) + b3 lUo-uy). (C.9) ]
With both Ut and Up expressed in terms of u,, equation (C.8)

may be used to solve for u, at a given value of uge Once ug ]

is known, the characteristics in the P,u-plane are plotted B

from eq. (158), with the proper values of A', vy, and Po.
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